
DIFFERENTIATION
TEST
1.
Differentiate the following with respect to x.


a)
3x ( 7









[1]


b)
3x2 ( 7x + 1








[2]


c)
(3x ( 4)(3x + 1)







[2]


d)
9x7 ( 6x6 ( 3x4 + 12x ( 1.






[2]
2.
It is given that y = kx4,  where k is a constant.  

When x = 2,  
[image: image1.wmf]2
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d

d

y

x

 = 216.
Find the value of k.
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3.
A curve has equation 
y = x3 + 6x2 + 15x + 1.  

Use differentiation to show that y is an increasing function of x.


[4]

4.
A curve has equation y = 
[image: image2.wmf]2

3

x3 ( 4x2 + 6x + 1.
Use differentiation to find the coordinates of the stationary points and determine, showing your working, whether the stationary points are maximum points or 
minimum points.








[8]

Deduce, or obtain otherwise, the coordinates of the stationary points of the curve

y = 
[image: image3.wmf]2

3

x3 ( 4x2 + 6x ( 3.
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5.
Given that  f(x) =  
[image: image4.wmf]3

4

x4 ( 
[image: image5.wmf]1

2

x3 + x2 ( x,  find the value of 
[image: image6.wmf]''

(4)

f

.


[4]
6.
The diagram shows the graph of y = 
[image: image7.wmf]2

3

x3 ( 3x2 + 4x.
[image: image68.wmf]2

3




Use differentiation to find the coordinates of the minimum point on the graph.
[5]


Find the equation of the tangent to the graph of y = 
[image: image8.wmf]2

3

x3 ( 3x2 + 4x  at the point 
where x = 3.









[4]
7.
The diagram shows the graph of y = 9x – x3.


[image: image9.emf]x

y



The graph has a minimum point at A and a maximum point at B.


a)
Show that the gradient of the line AB is 6.




[7]


b)
Find the equation of the normal to the graph of y = 9x ( x3 at the 

point (2, 10), giving your answer in the form ax + by = c for integers

a, b and c.








[6]

Total = 51 marks

Solutions.
1.
a)
Write y = 3x ( 7.



Since the graph of y = 3x ( 7 has gradient 3, we have 
[image: image10.wmf]d

d

y

x

 = 3.

(1)


b)
Write y = 3x2 ( 7x + 1.



Differentiating, 
[image: image11.wmf]d

d

y

x

 = 3 ( 2x ( 7 = 6x ( 7.
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c)
Write y = (3x ( 4)(3x + 1) and expand the brackets to get 

y = 9x2 ( 9x ( 4.







(1)


Differentiating, 
[image: image12.wmf]d

d

y

x

 = 18x ( 9.
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d)
Write y = 9x7 ( 6x6 ( 3x4 + 12x ( 1.



Differentiating, 
[image: image13.wmf]d

d

y

x

 = 63x6 ( 36x5 ( 12x3 + 12.



(2)
2.
Differentiate to get

[image: image14.wmf]d

d

y

x

 = 4kx3.






(1)


Differentiate again

[image: image15.wmf]2
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 = 12kx2.
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Now substitute x = 2, 
[image: image16.wmf]2
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d

d

y

x

 = 216 to get
12k ( 22 = 216


(1)


from which we easily obtain k = 4.5.






(1)
3.
We have y = x3 + 6x2 + 15x + 1.
Differentiate to get  
[image: image17.wmf]d

d

y

x

 = 3x2 + 12x + 15.





(1)

To show that y is an increasing function of x, we need to show that 
[image: image18.wmf]d

d

y

x

 is 

always positive.
Complete the square to get

[image: image19.wmf]d

d

y

x

 = 3(x2 + 4x) + 15





       = 3{(x + 2)2 ( 4} + 15





       = 3(x + 2)2 + 3.




(2)

This quantity is clearly never negative and hence y is an increasing function of x.
(1)
4.
We have y = 
[image: image20.wmf]2

3

x3 ( 4x2 + 6x + 1.






(1)


Now differentiate to obtain 
[image: image21.wmf]d

d

y

x

 = 2x2 ( 8x + 6.




(1)


For stationary points we require 
[image: image22.wmf]d

d
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x

 = 0
(
2x2 ( 8x + 6 = 0

(1)








(
x2 ( 4x + 3 = 0







(
(x ( 1)(x ( 3) = 0

and hence x = 1 or x = 3.







(1)

Thus, using the original formula for y, we have coordinates 
[image: image23.wmf](

)
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 and (3, 1).
(1)


To determine the nature of this point, we use 
[image: image24.wmf]2
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Differentiate again to obtain 
[image: image25.wmf]2
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[image: image26.wmf](
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(1)


Substitute x = 1 to get a negative value of 
[image: image27.wmf]2
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( the point 
[image: image28.wmf](

)

11

3

1, 

 is a maximum point.





(1)

Substitute x = 3 to get a positive value of 
[image: image29.wmf]2
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( the point (3, 1) is a minimum point.





(1)

Alternatively.

To decide between maximum / minimum you could simply check the sign of 
[image: image30.wmf]d
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either side of the stationary point etc.

The graph of y = 
[image: image31.wmf]2

3

x3 ( 4x2 + 6x ( 3 is a translation of the graph of 
y = 
[image: image32.wmf]2

3

x3 ( 4x2 + 6x + 1 of (4 units along the y axis.




(1)


Hence the graph of y = 
[image: image33.wmf]2

3

x3 ( 4x2 + 6x ( 3 has a maximum point at 
[image: image34.wmf](
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and a minimum point at (3, (3).






(1)
5.
We have f(x) =  
[image: image35.wmf]3

4

x4 ( 
[image: image36.wmf]1

2

x3 + x2 ( x.



Differentiate to obtain


[image: image37.wmf]'

()

fx

 
=  3x3 ( 
[image: image38.wmf]3

2

x2 + 2x ( 1.



(1)


Differentiate again,


[image: image39.wmf]''

()

fx


=  9x2 ( 3x + 2.



(1)


Now substitute x = 4 to get

[image: image40.wmf]''

(4)

f

 
=  9 ( 42 ( 3 ( 4 + 2







=  9 ( 16 ( 12 + 2







=  134.





(2)

6.
We have y = 
[image: image41.wmf]2

3

x3 ( 3x2 + 4x.


Now differentiate to get 
[image: image42.wmf]d

d

y

x

 = 2x2 ( 6x + 4.





(1)

For turning points we require 
[image: image43.wmf]d

d
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x

 = 0

(
2x2 ( 6x + 4 = 0

(1)








x2 ( 3x + 2 = 0







(
(x ( 1)(x ( 2) = 0

(1)
and hence  x = 1 or x = 2.







(1)

From the graph it is thus clear that the coordinates of the minimum point are 


[image: image44.wmf](

)
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2, 

   (using the formula for y).






(1)

The equation of the required tangent can be written y = mx + c for some constants


m and c, where m is the gradient of the tangent at x = 3.



(1)


This means that m = the value of 
[image: image45.wmf]d

d

y

x

 at x = 3

(
m  =  2(32 ( 6(3 + 4 = 4.






(1)

Hence the tangent has an equation of the form 
y = 4x + c  for some constant


c which is to be determined.

Since the tangent passes through the point (3, 3)  (using the formula for y)


substitute x = 3, y = 3 to obtain c = (9.





(1)


Thus the tangent to the curve at x = 3 has equation  y = 4x  ( 9.


(1)
7.
a)
First, we determine the coordinates of the turning points A and B.



We have y = 9x ( x3.  Differentiate to obtain
 
[image: image46.wmf]d

d

y

x

 = 9 ( 3x2.
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For turning points we require 
[image: image47.wmf]d
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x

 = 0

(
9 ( 3x2 = 0



which we solve to give x = (
[image: image48.wmf]3

 or x = 
[image: image49.wmf]3
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Point A thus has x coordinate (
[image: image50.wmf]3

, and y coordinate 9(
[image: image51.wmf](
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= (9
[image: image53.wmf]3

 + 3
[image: image54.wmf]3
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[image: image55.wmf](
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= (6
[image: image56.wmf]3
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Hence A = 
[image: image57.wmf](

)
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--

.



Similarly, B = 
[image: image58.wmf](
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.
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Therefore, the gradient of the line AB = 
[image: image59.wmf]21
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[image: image60.wmf](
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= 
[image: image61.wmf]123

23

 = 6 as required.






(1)
b)
The equation of the required normal can be written y = mx + c for some constants m and c, where m is the gradient of the normal at x = 2.

(1)



Now, using the formula for 
[image: image62.wmf]d

d

y

x

, we see that the gradient of the tangent


at (2, 10) equals 9 ( 3 ( 22 = 9 ( 12 = (3.




(1)



Hence, since the normal at (2, 10) is perpendicular to the tangent at 

(2, 10), we must have that the product of their respective gradients = (1,

(
m ( ((3) = (1

and hence m = 
[image: image63.wmf]1

3

.







(1)

Hence the normal has an equation of the form  y = 
[image: image64.wmf]1

3

x + c  for some constant



c which is to be determined.
Since the normal passes through the point (2, 10), substitute x = 2, y = 10 to obtain c = 
[image: image65.wmf]28

3

.
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Thus the normal to the curve at (2, 10) has equation  y = 
[image: image66.wmf]1

3

x + 
[image: image67.wmf]28

3

.

(1)



This can be rearranged to give  3y ( x = 28.




(1)
Total = 51 marks
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